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POISSON STRUCTURES AND POTENTIALS
ANTON ALEKSEEV, ARKADY BERENSTEIN, BENJAMIN HOFFMAN, AND YANPENG LI
ABSTRACT. We introduce a notion of weakly log-canonical Poisson structures on positive va-
rieties with potentials. Such a Poisson structure is log-canonical up to terms dominated by the
potential. To a compatible real form of a weakly log-canonical Poisson variety we assign an
integrable system on the product of a certain real convex polyhedral cone (the tropicalization of
the variety) and a compact torus.
We apply this theory to the dual Poisson-Lie group G∗ of a simply-connected semisimple
complex Lie group G. We define a positive structure and potential on G∗ and show that the
natural Poisson-Lie structure onG∗ is weakly log-canonicalwith respect to this positive structure
and potential. For K ⊂ G the compact real form, we show that the real form K∗ ⊂ G∗ is
compatible and prove that the corresponding integrable system is defined on the product of the
decorated string cone and the compact torus of dimension 12 (dimG− rankG).
To the memory of Bertram Kostant
1. INTRODUCTION
Varieties with potentials play a crucial role in mirror symmetry and mathematical physics. A
potential is a rational function on an algebraic variety. We are interested in algebraic varieties
with positive structures. That is, an open embedding of a split algebraic torus to the variety so
as the potential pulls back to a subtraction-free rational function. Assume for simplicity that the
potential can be written as a Laurent polynomial
Φ(x1, . . . , xm) =
∑
a∈Zn\{0}
cax
a,
where a = (a1, . . . , am) and ca ≥ 0. To such a potential one can assign a rational convex
polyhedral cone CΦ ⊂ Zm given by inequalities
m∑
k=1
akξk < 0 for all a with ca > 0,
where the ξi are coordinates on Zm. One can also define this cone using the tropicalized poten-
tial Φt : Zm → Z given by
Φt(ξ) = max
a; ca>0
m∑
k=1
akξk.
Then, CΦ = {ξ ∈ Zm; Φt(ξ) < 0}. We will denote by CΦ(R) the open convex polyhedral cone
CΦ(R) = {ξ ∈ Rm; Φt(ξ) < 0} ⊂ Rm
defined by the same inequalities. We say that a positive function f on X is dominated by the
potential Φ if f t(ξ) < 0 for all ξ ∈ CΦ. Positive functions dominated by the potential Φ form
a semiring under addition and multiplication. If a rational function f can be decomposed as
f = f+−f−, where f+ and f− are both dominated by Φ, then we say f is weakly dominated by
Φ. Rational functions weakly dominated by Φ form a ring under addition and multiplication.
Keywords: Poisson structures, Poisson-Lie groups, Potentials, Tropicalization
MSC 20G42, 53D17
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Important examples of positive varieties with potentials are complete and partial flag varieties
for semisimple algebraic groups [5]. An example important for us is the Borel subgroupB ⊂ G.
For instance, for G = SL2 elements of B are upper triangular matrices
b =
(
b11 b12
0 b−111
)
.
In this case, the positive structure is defined by the matrix entries of b, and the potential [4, 17]
is given by
Φ(b) =
b11 + b
−1
11
b12
.
The potential cone is the following cone in Z2:
(1) CΦ = {(ξ11, ξ12) ∈ Z2; ξ12 > ξ11 > −ξ12}.
One can show that regular functions dominated by the potential are all non-zero Laurent poly-
nomials of the form
f(b11, b12) =
∑
k≥1
k∑
l=−k
cklb
l
11b
−k
12
with ckl ≥ 0. Note that the cone (1) is the n = 2 instance of the Gelfand-Zeitlin cone [2, 3] for
SLn. In fact, for any n there is a positive stucture and the potential on B ⊂ SLn with potential
cone equal to the corresponding Gelfand-Zeitlin cone.
Varieties arising in applications of mirror symmetry are often symplectic or Poisson. A Poisson
structure is a bivector which induces a Poisson bracket on the ring of regular functions on the
variety. The Poisson bracket on a positive variety is called log-canonical if
{xi, xj} = cijxixj ,
where x1, . . . , xm are toric coordinates (defined by the positive structure) and cij is a constant
matrix. Important examples of Poisson varieties with log-canonical Poisson structures are clus-
ter varieties, and in particular double Bruhat cells including complete and partial flag varieties
[14]. For instance, in the example of B ⊂ SL2, the log-canonical Poisson bracket is of the form
{b11, b12} = b11b12.
It turns out that this Poisson structure is multiplicative and gives B the structure of a Poisson
algebraic group.
The condition of a Poisson structure to be log-canonical is very restrictive. On a positive variety
with potential we can generalize it to a notion of weakly log-canonical Poisson structures. This
means that the Poisson bracket is given by the formulas
{xi, xj} = xixj(cij + fij(x)),
where fij(x) are functions weakly dominated by the potential Φ.
Given a weakly log-canonical Poisson structure πX on a smooth complex variety X , consider
the real form (K, πK) ⊂ (X, πX) defined by the equations xi ∈ R in the toric chart. Then, to
such a structure we assign a constant Poisson bracket on the space
(2) C × T,
where C is a subcone of CΦ(R) and T ∼= (S1)r is a compact torus of dimension r, where 2r is
the maximal rank of πK . This Poisson bracket has the form
(3) {ξi, ξj} = 0, {φi, φj} = 0, {ξi, φj} = dij,
where dij ∈ R is determined by the log-canonical part cij of the weakly log-canonical bracket
πX . Here ξi’s are coordinates on the cone C(R) and φi’s are coordinates on the torus T. We
POISSON STRUCTURES AND POTENTIALS 3
refer to the space (2) as a partial tropicalization of the weakly log-canonical Poisson variety.
Up to a change of variables, the Poisson bracket (3) defines an integrable system on the partial
tropicalization.
Our prime example is the dual Poisson-Lie group G∗ of a semisimple complex Lie group G
endowed with the standard Poisson-Lie structure. For G = SL2(C), the group G∗ is of the form
G∗ = {(b+, b−) ∈ B × B−; b+11b−11 = 1}.
The positive structure is defined by the following parametrization:
b+ =
(
b11 b12
0 b−111
)
, (b−)−1 =
(
b11 0
b21 b
−1
11
)
,
and the potential is given by
ΦG∗ =
b11 + b
−1
11
b12
+
b11 + b
−1
11
b21
.
To K ⊂ G the compact real form of G one associates the real form K∗ ⊂ G∗. In the case of
K = SU(2) ⊂ SL2(C), this real form is defined by equations b11 ∈ R>0 and b21 = b12. The
canonical real Poisson bracket onK∗ is given by [15, 18]:
{b11, b12} = ib11b12, {b11, b21} = −ib11b21, {b12, b21} = i(b211 − b−211 ).
Note that the first two expressions are log-canonical on the nose whereas the third expression
has no log-canonical part and the corresponding function f(x) is of the form
i
(
b211
b12b21
− b
−2
11
b12b21
)
.
This expression is weakly dominated by the potential ΦG∗ . The corresponding partial tropical-
ization is the product of the Gelfand-Zeitlin cone and the circle S1:
{(ξ11, ξ12) ∈ R2; ξ12 > ξ11 > −ξ12} × S1
with Poisson bracket
{ξ11, ξ12} = 0, {ξ11, φ} = 1, {ξ12, φ} = 0,
which is the n = 2 Gelfand-Zeitlin integrable system.
We will now describe our main results. LetG be a semisimple complex Lie group with the stan-
dard Poisson-Lie structure and G∗ the dual Poisson-Lie group. The standard positive structures
on B and B− and the respective potentials Φ+ and Φ− give rise to a positive structure θG∗ and
a potential ΦG∗ on G∗. We prove the following theorem:
Theorem 1.1. In the coordinates given by θG∗ , the standard Poisson-Lie structure on G
∗ is
weakly log-canonical with respect to the potential ΦG∗ .
Furthermore, for the compact real form K ⊂ G we consider the partial tropicalization of the
real formK∗ ⊂ G∗. Our next result is as follows:
Theorem 1.2. The partial tropicalization of K∗ is of the form C × T, where C is the extended
string cone and T is a real torus of dimension d = dim(N). This space is equipped with an
integrable system.
In the case of G = SLn(C), these results (in one of the toric charts) were obtained in [2]. We
establish them in full generality: for all equivalent positive structures on SL∗n(C) and for all
semisimple complex Lie groups.
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In the next several paragraphs we describe the future directions which give an additional context
and motivation for our results:
Dual Poisson-Lie groups K∗ of compact connected Poisson-Lie groups are Poisson manifolds
with very special properties. In particular, the Ginzburg-Weinstein isomorphism theorem [13]
states that (K∗, πK∗) is isomorphic as a Poisson manifold to the dual of the Lie algebra k∗
with the linear Kirillov-Kostant-Souriau (KKS) Poisson bracket πKKS. Since the bracket πKKS
is linear, the scaling map Ds : x 7→ sx is a Poisson map Ds : (k∗, πKKS) → (k∗, sπKKS).
Following [1, 3], this observation gives rise to a family of Ginzburg-Weinstein maps
gws : (k
∗, πKKS)→ (K∗, sπK∗).
We would like to think of the partial tropicalization C × T of K∗ as of the s → ∞ limit of the
Poisson space (K∗, sπK∗).
In the forthcoming paper we plan to give the following evidence in support of this idea: the
symplectic leaves in C × T are labeled by the elements λ ∈
◦
W+ of the interior of the positive
Weyl chamber and their symplectic volumes coincide with symplectic volumes of the corre-
sponding coadjoint orbitsOλ ⊂ k∗. The proof makes use of the relation between the Kashiwara
crystals for finite dimensional modules of G and of the Langlands dual group G∨.
A more ambitious project is to define the s → ∞ limit of the Ginzburg-Weinstein map gws.
This will be a Poisson map
gw∞ : (k
∗, πKKS)→ (C × T, π∞),
where π∞ is the constant Poisson bracket on the partical tropicalization. Among other things,
such a map will define interesting completely integrable systems on the top-dimensional coad-
joint orbits Oλ. For the case of G = SLn(C), the map gw∞ can be constructed by combining
results of [3] and [2]. For the general case of G semisimple this question remains open.
The structure of the paper is as follows: in Section 2 we review the theory of positive varieties,
in Section 3 introduce potentials and tropicalizations, in Section 4 we apply this theory to double
Bruhat cells and prove the main technical results on functions dominated by the potentials, in
Section 5 we discuss weakly log-canonical Poisson brackets and prove Theorem 1.1. In section
6 we consider real forms of positive varieties, define partial tropicalization, and prove Theorem
1.2.
Acknowledgements. We are grateful to I. Davydenkova who shared with us her unpublished
results on the case of G = Sp(4), to M. Podkopaeva who participated in the initial stage of this
project, to G. Koshevoy for his useful comments on the string cone, and to J. Lu for her helpful
comments on an earlier draft. This work became possible thanks to the NCCR SwissMAP,
which organized a series of meetings in Les Diablerets where A.B. participated and the Master
Class in Geneva where B.H. took part during the academic year 2016-2017. A.B. expresses
his gratitude for hospitality and support during his visits to Geneva in 2016 and in 2017. A.A.
and Y.L. were supported in part by the ERC project MODFLAT and by the grants 165666 and
159581 of the Swiss National Science Foundation. B.H. was supported by the National Science
Foundation Graduate Research Fellowship under Grant Number DGE-1650441.
2. POSITIVITY THEORY
In this Section we review the theory of positive varieties and positive maps. One of the central
notions is tropicalization, which assigns a lattice to a positive variety. We mainly follow the
work of Berenstein and Kazhdan, see [4] and [5].
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2.1. Algebraic Tori and Positive Maps. Let Ga be the additive group and Gm the multiplica-
tive group defined over Q. By definition, the coordinate algebra Q[Ga] is the polynomials over
Q in one variable Q[x] and the coordinate algebra Q[Gm] is the Laurent polynomials Q[x, x−1].
Consider a split algebraic torus S ∼= Gnm. Denote by St = Hom(S,Gm) the character lattice of
S and by St = Hom(Gm, S) the cocharacter lattice. The lattices St and St are in natural duality,
in particular St ∼= Hom(St,Z). The coordinate ring Q[S] is the group algebra (over Q) of the
lattice St. That is, every element f ∈ Q[S] can be written as
(4) f =
∑
χ∈St
cχχ,
where only a finite number of coefficients cχ are non-zero.
Denote by P [S] the set of non-zero elements of the form (4) in which all cχ are non-negative
rational numbers. By construction, P [S] ⊂ Q[S] is a sub-semiring without zero.
Denote by Q(S) the field of rational functions on S, and by P (S) ⊂ Q(S) the subset of elements
of Q(S) represented as fractions f/g with f, g ∈ P [S]. By construction, P (S) is a semifield
without zero.
Example 2.1. Note that the polynomial x2 − x+ 1 = (x3 + 1)/(x+ 1) belongs to P (Gm) but
does not belong to P [Gm], and the polynomial x2−2x+1 = (x−1)2 belongs neither to P [Gm]
nor to P (Gm).
Definition 2.2. A rational map φ : S → S ′ between split algebraic tori is positive if for every
character χ : S ′ → Gm the composition χ ◦ φ ∈ P (S) is a positive rational function on S. ⊳
Example 2.3. Let S = S ′ = G3m. The rational map φ : S → S ′ defined by
φ(x1, x2, x3) =
(
x2x3
x1 + x3
, x1 + x3,
x1x2
x1 + x3
)
is positive.
Proposition 2.4. A rational map φ : S → S ′ is positive if and only if the pullback φ∗ restricts
to a semifield homomorphism on positive rational functions:
φ∗ : P (S ′)→ P (S).
Proof. Let y1, . . . , ym ∈ P (S ′) be the standard basis of the character lattice S ′t of S ′ given by the
splitting of S ′, and let φi = yi ◦φ ∈ Q(S) the components of φ. Assume φ is positive, then φi ∈
P (S) for each i. We show that φ∗f ∈ P (S) whenever f ∈ P (S ′). Indeed, φ∗f(y1, . . . , ym) =
f(φ1, . . . , φm) ∈ P (S) is a subtraction-free rational polynomial in φ1, . . . , φm.
Conversely, assume φ∗f ∈ P (S) whenever f ∈ P (S ′). Then for each basic character yi on S ′,
we have φ∗yi = yi ◦ φ = φi ∈ P (S). 
Denote by PosTori the category with objects split algebraic tori and arrows positive rational
maps. The previous proposition shows P (·) defines a functor from PosToriop to the category
of semifields. However, the next example shows the situation is not so straight forward when
we take positive regular functions P [S] of a split algebraic torus S; see also Remark 2.20 below.
Example 2.5. Define a rational map F : G2m → G2m by F (t1, t2) =
(
t1t2
t1+t2
,
t22
t1+t2
)
. Clearly, F
is invertible and F−1 is given by F−1(t1, t2) =
(
t1
t2
· (t1 + t2), t1 + t2
)
. In particular, F is an
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isomorphism in the category PosTori. Let f := (t
3
1+t
3
2)(t1+t2)
t22
∈ P [G2m]. Then
f ◦ F =
((
t1t2
t1+t2
)3
+
(
t22
t1+t2
)3)(
t1t2
t1+t2
+
t22
t1+t2
)
(
t22
t1+t2
)2 = t31 + t32t1 + t2 = t21 − t1t2 + t22 .
Thus, f ◦ F /∈ P [G2m].
2.2. Tropicalization of positive maps. Following [5], to each positive rational map φ : S →
S ′ we will associate a tropicalized map φt : St → (S ′)t as follows.
Step 1. Let φ : S → Gm be a positive regular function, that is φ ∈ P [S] and it admits the form
(4) with cχ ≥ 0. Define φt : St → Gtm = Z by formula
φt(ξ) = max
χ; cχ>0
〈χ, ξ〉,
where 〈·, ·〉 : St × St → Z is the canonical pairing.
Step 2. Let φ : S → Gm be a positive rational function. That is, φ = f/g with f, g ∈ P [S], then
φt = f t − gt.
One can show that the right hand side is independent of the presentation of the positive frac-
tion. Note that the assignment φ 7→ φt is a homomorphism of semifields mapping P (S) to
the semifield of Z-valued functions on St. This semifield has operations of tropical addition
(f, g) 7→ max{f, g} and tropical multiplication (f, g) 7→ f + g.
Example 2.6. Consider S = Gm and φ = (x3 + 1)/(x + 1). Then, φt(ξ) = max(3ξ, 0) −
max(ξ, 0) = 2max(ξ, 0). Note that for any a, b, c, d ∈ Q>0 the function φ′ = (ax3+b)/(cx+d)
has the same tropicalization (φ′)t = φt.
Step 3. Let φ : S → S ′ be a positive rational map. Define φt : St → (S ′)t as the unique map
such that for every character χ ∈ S ′t and for every cocharacter ξ ∈ St we have
〈χ, φt(ξ)〉 = (χ ◦ φ)t(ξ).
Let φ1, . . . , φm be the components of φ given by the splitting S ′ ∼= (Gm)m. Then, in the induced
coordinates on (S ′)t, we have
φt = (φt1, . . . , φ
t
m).
Example 2.7. The positive rational map from Example 2.3
φ : G3m → G3m : (x1, x2, x3) 7→
(
x2x3
x1 + x3
, x1 + x3,
x1x2
x1 + x3
)
has tropicalization
φt : (G3m)
t ∼= Z3 → (G3m)t ∼= Z3;
(ξ1, ξ2, ξ3) 7→ (ξ2 + ξ3 −max{ξ1, ξ3},max{ξ1, ξ3}, ξ1 + ξ2 −max{ξ1, ξ3}).
Note that φt is linear on the chambers ξ1 < ξ3 and ξ1 > ξ3.
Recall that PosTori the category with objects split algebraic tori and arrows positive rational
maps. Denote byPLSpaces the category with objects finite rank lattices and arrows piecewise
Z-linear maps. The following is shown in Section 2.4 of [4]:
Proposition 2.8. The assignment S 7→ St, φ 7→ φt defines a functor from the categoryPosTori
to the category PLSpaces.
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Note that all piecewise linear maps φt obtained by applying the tropicalization functor are ho-
mogeneous in the following sense:
(5) φt(nξ) = nφt(ξ)
for every n ∈ Z≥0. In particular, φt(0) = 0.
2.3. Positive Varieties.
Definition 2.9. Let X be an irreducible variety over Q. A toric chart is an open embedding
θ : S → X from a split algebraic torus S toX . ⊳
Since θ is an open map, it induces an inclusion of coordinate rings. Hence, the coordinate ring
ofX identifies with a subalgebra of Q[S].
Example 2.10. ForX = S, the identity map Id : S → S is a toric chart.
Example 2.11. The inclusion Gm → Ga is a toric chart on Ga. The corresponding homomor-
phism of coordinate algebras is the natural embedding Q[x]→ Q[x, x−1].
Example 2.12. Let X be a toric variety, and let θ : S →֒ X pick out the open torus ofX . Then
θ is a toric chart.
Example 2.13. Let N ⊂ SL3 be the group of unipotent upper-triangular matrices. Define
θ : S = (Gm)
3 → N by
θ(x1, x2, x3) =

1 x1 00 1 0
0 0 1



1 0 00 1 x2
0 0 1



1 x3 00 1 0
0 0 1

 =

1 x1 + x3 x1x20 1 x2
0 0 1

 .
Then θ is a toric chart on N .
Example 2.14. Let N ⊂ SL3 be as in the previous example. Define θ′ : (Gm)3 → N by
θ′(y1, y2, y3) =

1 0 00 1 y1
0 0 1



1 y2 00 1 0
0 0 1



1 0 00 1 y3
0 0 1

 =

1 y2 y2y30 1 y1 + y3
0 0 1

 .
Then θ′ is a toric chart on N .
Example 2.15. Let A be an upper cluster algebra, let X = SpecA, and let x1, . . . , xk be
a cluster. By the Laurent phenomenon, A ⊂ Q[x±1 , . . . , x±k ], and the corresponding map of
varieties
Gkm = SpecQ[x
±
1 , . . . , x
±
k ]→ X
is a toric chart. More details can be found in [6].
Definition 2.16. Let θ : S → X and θ′ : S ′ → X be toric charts on an irreducible variety X .
If (θ)−1 ◦ θ′ : S ′ → S and (θ′)−1 ◦ θ : S → S ′ are positive rational maps, then θ and θ′ are
positively equivalent toric charts. We define a positive variety to be a pair (X,ΘX), where ΘX
is a positive equivalence class of toric charts. If θ ∈ ΘX , we sometimes write ΘX = [θ]. ⊳
Example 2.17. Let N ⊂ SL3 be upper triangular unipotent matrices. Consider the toric charts
θ, θ′ on N from Examples 2.13 and 2.14. Then (θ′)−1 ◦ θ is the positive rational map φ : G3m →
G3m from Example 2.3. Its inverse has a similar positive expression, so θ and θ
′ are positively
equivalent and [θ] = [θ′].
Remark 2.18. If a birational map φ : S → S ′ is positive, its inverse is not necessarily positive.
For instance, the birational map Gm → Gm given by x 7→ x+1 does not have a positive inverse.
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Definition 2.19. A positive map of positive varieties φ : (X,ΘX)→ (Y,ΘY ) is a rational map
φ : X → Y so that for some (equivalently any) θX ∈ ΘX and θY ∈ ΘY , the rational map
θ−1Y ◦ φ ◦ θX : S → S ′ is positive. We denote by PosVar the category of positive varieties over
Q, with positive rational maps as arrows. ⊳
In particular, setting Y = Gm, we see that a rational function f ∈ Q(X) is positive if f ◦
θX : S → Gm belongs to P (S). Denote the set of positive rational functions on (X,ΘX) by
P (X,ΘX). It is clear that P (X,ΘX) is a semifield.
Remark 2.20. Example 2.5 shows that we cannot similarly define a “positive regular semiring,”
P [X,ΘX] as the definition will not be independent of the choice of toric chart. However, we
indicate in Remark 4.12 that in some situations there is an alternate approach.
Definition 2.21. Let PosVar• be the category with objects framed positive varieties (X, θ),
where θ is a toric chart on X . An arrow from (X, θX) to (Y, θY ) is a rational map φ : X → Y
such that θ−1Y ◦ φ ◦ θX : SX → SY is a positive map of tori. ⊳
Let
F : PosVar• → PosVar
be the forgetful functor sending (X, θ) 7→ (X, [θ]), then it is shown in Claim 3.17 in [5] that F
is an equivalence of categories. We may define an adjoint equivalence
G : PosVar→ PosVar•
by simultaneously choosing a representative θ ∈ ΘX for each positive variety (X,ΘX). In fact,
any adjoint equivalence to F arises this way.
Tropicalization extends in the obvious way to framed positive varieties: if (X, θ) is a framed
positive variety, with θ : S → X a toric chart, set
(X, θ)t := Hom(Gm, S) = S
t.
A positive rational map φ : (X, θX) → (Y, θY ) has a tropicalization φt := (θ−1Y ◦ φ ◦ θX)t :
(X, θ)t → (Y, θ)t, and by Proposition 2.8, tropicalization respects composition of positive ra-
tional maps. We then have:
Proposition 2.22. Tropicalization defines a functor from the categoryPosVar• to the category
PLSpaces.
Example 2.23. Let (X,Θ) be a positive variety. Then for every θ, θ′ ∈ Θ the identity map of
X induces a map (X, θ) → (X, θ′) in PosVar•. In particular, recall Example 2.17. There, we
considered X = N with two toric charts. The tropicalization of the induced map was given in
Example 2.7.
In general, if θ, θ′ : Gkm → X are positively equivalent charts, the transition map (θ−1 ◦ θ′)t :
Zk → Zk is a piecewise Z-linear bijection.
Precomposing the functor (·)t : PosVar• → PLSpaces with the equivalenceG : PosVar→
PosVar• gives a tropicalization of positive varieties. Choosing a different adjoint equivalence
G′, we see (G(X,Θ))t differs from (G′(X,Θ))t by a piecewise linear bijection.
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3. POTENTIALS
In this Section we introduce the notion of potentials on positive varieties. Potentials are positive
functions, and from our perspective their main role is to define interesting cones on tropicalized
varieties.
Definition 3.1. Let (X, θ) be a framed positive variety. We distinguish a set of positive rational
functions Φ := {ϕ1, . . . , ϕm} ⊂ P (X, [θ]), called a set of potentials on (X, θ). The triple
(X, θ,Φ) is called a framed positive variety with potential.
Since the semiring P (X, [θ]) depends only on the positive structure [θ] and not the toric chart θ,
we define similarly a positive variety with potentials as a triple (X, [θ],Φ).
We write Φt = {φt1, . . . , φtm}. For ξ ∈ (X, θ)t, we write Φt(ξ) < 0 whenever φti(ξ) < 0 for all
φti ∈ Φt. ⊳
Definition 3.2. Let (X, θ) be a framed positive variety. For Φ ⊂ P (X, [θ]), we define the cone
CΦ(X, θ) := {ξ ∈ (X, θ)t|Φt(ξ) < 0} ⊂ (X, θ)t.
We write CΦ when the variety and positive structure (X, θ) are evident, and we use Cf if Φ =
{f}. If Φ is distinguished as a potential on (X, θ), we call CΦ the (strict) potential cone. ⊳
Remark 3.3. (1) In [4, 5, 8], the authors consider the cone
C≤Φ (X, θ) := {ξ ∈ (X, θ)t|ϕti(ξ) ≤ 0 for all ϕi ∈ Φ} ⊂ (X, θ)t
given by non-strict inequalities, whereas we primarily consider the strict potential cone
CΦ. In Section 5, we consider the open real cone
CΦ(R) = {ξ ∈ (X, θ)t ⊗ R|Φt(ξ) < 0}
defined by strict inequalities.
(2) When Φ restricts to a set of regular functions on the toric chart θ : S →֒ X , the cone
CΦ(R) is polyhedral and hence convex.
(3) We sometimes consider the function 0 as a potential on a positive variety (X, θ). By
convention, 0t = −∞ and C0(X, θ) = (X, θ)t.
Definition 3.4. Let (X, θ) be a framed positive variety and let Φ,Ψ ⊂ P (X, [θ]). Then Ψ is
dominated by Φ if, for all ξ ∈ (X, θ)t, if Φt(ξ) < 0 then Ψt(ξ) < 0. ⊳
In other words, Ψ is dominated by Φ if and only if CΦ(X, θ) ⊂ CΨ(X, θ).
Lemma 3.5. Let f : (X, θX) → (Y, θY ) be a positive rational map. If Φ,Ψ ⊂ P (Y, [θY ]) and
Ψ is dominated by Φ, then, f ∗Ψ is dominated by f ∗Φ. Here, we write
f ∗Φ := {f ∗φ1, . . . , f ∗φn}, where Φ = {φ1, . . . , φn}.
Proof. Without loss of generality we assume Φ = {φ} and Ψ = {ψ}; see Proposition 3.14
below. Since tropicalization is a functor, we know (f ∗(φ))t = φt ◦ f t. By assumption,
φt(ξ) < 0⇒ ψt(ξ) < 0 for all ξ ∈ (Y, θY )t.
So,
(f ∗(φ))t = φt(f t(ξ)) < 0⇒ ψt(f t(ξ)) = (f ∗(ψ))t(ξ) < 0 for all ξ ∈ (X, θX)t,
and thus f ∗Ψ is dominated by f ∗Φ. 
As a consequence of Lemma 3.5, domination is preserved by positive rational equivalences.
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Definition 3.6. Let (X,ΘX ,ΦX) and (Y,ΘY ,ΦY ) be positive varieties with potential. A pos-
itive rational map f : (X,ΘX) → (Y,ΘY ) is a map of positive varieties with potential if for
some (equivalently, any) θX ∈ ΘX and θY ∈ ΘY , we have f ∗ΦY is dominated by ΦX .
Positive varieties with potential and their maps form a category PosVarPot. ⊳
Definition 3.7. For (X, [θX ],Φ) a positive variety with potential, let PΦ(X, [θX ]) be the set
of positive rational functions on X which are dominated by Φ, which we call the dominated
semi-ring. It is a semi-ring, with the usual operations + and ·. Note that C1(X, θX) = ∅, so
PΦ(X, [θX ]) has no multiplicative unit in general.
Let P˜Φ(X, [θX ]) ⊂ Q(X) be the ring (with the usual operations) generated by PΦ(X, [θX ]),
which we call the ring of weakly dominated functions. ⊳
Proposition 3.8. The assignmentsP• and P˜• define functors fromPosVarPot
op to the category
of semirings SemiRing and Q-algebrasAlgQ, respectively.
Proof. Follows from Lemma 3.5. 
Example 3.9. Consider the framed positive variety (N, θ) from Example 2.13. Define the set
of potentials:
Φ :=
{
1
x1
,
1
x3
,
x1 + x3
x1x2
,
x1 + x3
x2x3
}
.
Tropically, we have
Φt = {−ξ1,−ξ3,max{ξ1, ξ3} − (ξ1 + ξ2),max{ξ1, ξ3} − (ξ2 + ξ3)} .
The potential cone is
CΦ =
{
ξ1, ξ2, ξ3 ∈ Z3|ξ1 > 0, ξ3 > 0, max{ξ1, ξ3} < ξ1 + ξ2, max{ξ1, ξ3} < ξ2 + ξ3
}
.
Let f := 1
x1x2
, then
Cf = {ξ1, ξ2, ξ3 ∈ Z3|ξ1 + ξ2 > 0}.
The function f is dominated by Φ: if a point is in CΦ, it is in Cf .
Definition 3.10. Let (X,Θ,Φ) be a positive variety with potential. Let
P estΦ (X,Θ) := {f |∃g ∈ P (X,Θ) such that f + g ∈ Poly+Φ},
where Poly+Φ is the semi-ring of polynomials in Φ = {φ1, . . . , φn} with positive rational
coefficients, and no constant terms. We call P estΦ (X,Θ) the semi-ring of estimate-dominated
functions. We define the ring of weakly estimate-dominated functions P˜ estΦ (X,Θ) as the ring
generated by P estΦ (X,Θ). ⊳
In summary, we then have the following diagram:
PΦ(X, θ) P˜Φ(X, θ)
P estΦ (X, θ) P˜
est
Φ (X, θ).
Example 3.11. Let (N, θ), Φ, and f = 1
x1x2
be as in Example 3.9. We showed that f is
dominated by Φ, but it is in fact estimate-dominated: We have
{
1
x1
, x1+x3
x2x3
}
⊂ Φ, and(
1
x1
)(
x1 + x3
x2x3
)
− 1
x1x2
=
1
x2x3
∈ P (N, θ).
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Remark 3.12. In general, the inclusion P estΦ (X,Θ) →֒ PΦ(X,Θ) is strict. For instance, let
(X,Θ) = (Gm, [Id]) and Φ = {x2}. Then Cx(Gm, [Id]) = CΦ(Gm, [Id]), but there is no positive
rational function g on Gm so that x+ g is a polynomial in x2.
The same example shows that the assignments P est• and P˜
est
• are not functorial. The identity map
Id : (Gm, [Id], x
2)→ (Gm, [Id], x)
is an isomorphism of positive varieties with potential, but we sawP estx (Gm, [Id]) 6= P estx2 (Gm, [Id]).
Remark 3.13. In [5], the author consider a single potential functionΦ = {f}. For our purposes
it is convenient to consider sets of potentials. This is equivalent to considering a single potential,
as shown in the following proposition.
Proposition 3.14. Let (X, [θ]) be a positive variety with set of potentials Φ = {ϕ1, . . . , ϕm},
and letΦ+ = {ϕ1+· · ·+ϕm}. Then PΦ(X, [θ]) = PΦ+(X, [θ]), and P estΦ (X, [θ]) = P estΦ+(X, [θ]).
Proof. Since C{f,f ′}(X, θ) = Cf+f ′(X, θ) for f, f ′ ∈ P (X, θ), we have PΦ(X, θ) = PΦ+(X, θ).
Since it is obvious that P estΦ (X, [θ]) ⊇ P estΦ+(X, [θ]), all we need to show is P estΦ (X, [θ]) ⊂
P estΦ+(X, [θ]). For f ∈ P estΦ (X, [θ]), there exists some g ∈ P (X, [θ]) such that f + g = p, where
p ∈ Poly+Φ. It suffices to show that there is an h ∈ P (X, [θ]) such that p(ϕ1, . . . , ϕm) + h = q
for q ∈ Poly+Φ+; then f + g + h = q. Without loss of generality we may assume that
p = ϕn11 · · ·ϕnmm is a non-constant monomial in the ϕi’s. Set q := (ϕ1 + · · · + ϕm)n1+···+nm .
Then q − p ∈ P (X, [θ]), which proves the proposition. 
4. POTENTIALS ON DOUBLE BRUHAT CELLS
In this Section we recall that double Bruhat cells in semisimple Lie groups are examples of
positive varieties. In particular, we focus on the double Bruhat cellGe,w0 and study the semifield
of functions weakly dominated by the Berenstein-Kazhdan potentials. Our main technical result
is Theorem 4.13, which provides a source of weakly dominated functions to be used in the next
Section.
4.1. Semisimple Groups. Let G be a simply connected semisimple algebraic group over Q
with Lie algebra g of rank r. Choosing a Cartan subalgebra h ⊂ g gives a root system R ⊂ h∗;
for a root α ∈ R we denote by gα ⊂ g the associated root space. Fixing a choice of positive
roots R+ ⊂ R gives a Cartan decomposition g = n− ⊕ h⊕ n, where
n− =
⊕
−α∈R+
gα n+ =
⊕
α∈R+
gα.
Let N−, H , and N be closed subgroups of G with Lie algebras n−, h, and n respectively. Then
H is a Cartain subgroup ofG andN−,N are a pair of opposite maximal unipotent subgroups of
G. Let Fi, Hi, Ei be the Chevalley generators of g, indexed by the simple roots α1, . . . , αr ∈ h∗
of g. For each i, the triple Fi, Hi, Ei defines an embedding φi : SL2 → G. We define
fi(t) := φi
(
1 0
t 1
)
, hi(t) := φi
(
t 0
0 −t
)
, ei(t) := φi
(
1 t
0 1
)
.
Let x 7→ xT be the involutive transpose anti-automorphism of G defined by
hi(t)
T = hi(t), ei(t)
T = fi(t), fi(t)
T = ei(t).
We denote by W the Weyl group NG(H)/H of G. There is a faithful linear action of W on
h∗: identifying W with its image under this action; the group W is generated by the simple
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reflections s1, . . . , sr, where si(ω) = ω − ω(Hi)αi. For the simple reflection si ∈ W , set the
lift
si = φi
(
0 −1
1 0
)
of si to G. It is known that the si’s satisfy the Coxeter relations inW , thus any reduced word of
w ∈ W gives the same lift w ∈ G.
Consider the opposite Borel subgroupsB = HN andB− = HN−, with Lie algebras b = h⊕n+
and b− = h⊕ n−, respectively. Then G has a decomposition into double Bruhat cells:
G =
⊔
u,v
Gu,v, where Gu,v := BuB ∩B−vB−.
The expression on the right does not depend on the lift of u, v ∈ W to NG(H) ⊂ G.
Example 4.1. We introduce an example which we will reference in future sections. Let G =
SL3, then the Lie algebra of G is sl3 ⊂ Mat(3 × 3), traceless 3 × 3-matrices. Let Eij ∈
Mat(3× 3) denote the matrix with all entries zero except the ij-th entry:
(Eij)kl = δikδjl.
For i ∈ {1, 2}, the simple coroots are Hi = Eii − Ei+1,i+1. We make the standard choice of
E12 and E23 as simple root vectors of sl3. Then B ⊂ SL3 is the subgroup of upper triangular
matrices and B− ⊂ SL3 is the subgroup of lower triangular matrices. In this case, the transpose
map x 7→ xT defined above is the usual matrix transpose. The Weyl group of SL3 is isomorphic
to the symmetric group S3, with simple reflections corresponding to the transpositions s1 = (12)
and s2 = (23), respectively.
The weight lattice P (g) of g is the set of ω ∈ h∗ which have ω(Hi) ∈ Z for all i. There is a basis
of fundamental weights ωi of P , where ωi(Hj) = δij . Any multiplicative character ξ : H → Gm
induces a weight ω = dξ ∈ h∗; by assumption G is simply-connected and so we may identify
multiplicative characters Hom(H,Gm) with the weight lattice P (g). We write hω for the value
at h ∈ H of the character corresponding to ω ∈ P (g). For the fundamental weight ωi we have
hj(t)
ωi = tδij .
Let G0 = N−HN ⊂ G be the open subset of G of elements which admit a Gaussian decom-
position. For an element x ∈ G0 we write x = [x]−[x]0[x]+. Following [8], for u, v ∈ W and
a fundamental weight ωi we define the generalized minor ∆uωi,vωi as the regular function on G
whose restriction to the open subset uG0v−1 of G is given by
∆uωi,vωi(x) = [u
−1xv]ωi0 .
It is shown in [11] that the right hand side depends only on the weights uωi and vωi, and not on
the choice of lifts u and v. If a1, a2 ∈ H and x ∈ G, then
(6) ∆uωi,vωi(a1xa2) = a
uωi
1 a
vωi
2 ∆uωi,vωi .
If G = SLn, the generalized minors are minors.
4.2. Positive Structures on Double Bruhat Cells. Let G be as in the previous section, and
let W be its Weyl group. Let (u, v) ∈ W × W . Recall that W is generated by the simple
reflections si corresponding to the simple roots of g, and that a word u in the simple reflections
ofW has a length l(u). We write s−1, . . . , s−r for the simple reflections in the first copy ofW
and s1, . . . , sr for the simple reflections in the second copy ofW . A double word i for (u, v) is
a shuffle of a word for u in the simple reflections s−1, . . . , s−r, and a word for v in the simple
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reflections s1, . . . , sr. If the words for u and v are both reduced, then i is a double reduced word
for (u, v). The length of i is l(i) := l(u) + l(v). We write
i = (i1, . . . , il(u)+l(v)),
where ij ∈ {−r, . . . ,−1, 1, . . . , r}.
A double word defines a map θi : G
l(i)+r
m → G. The map is given by:
(7) (t1, . . . , tl(i), tl(i)+1, . . . , tl(i)+r) 7→ ei1(t1) · · · eil(i)(tl(i)) · h1(tl(i)+1) · · ·hr(tl(i)+r)
where we interpret e−i(t) := fi(t), for i > 0.
Example 4.2. Let G = SL3 as in Example 4.1, and fix (u, v) = (e, w0), where w0 = (13) is the
longest element of S3, the Weyl group of G. A double reduced word for (e, w0) is i = s1s2s1.
Then θi : G3m × G2m → SL3 has
θi(t1, t2, t3, t4, t5) = θ(t1, t2, t3) · h1(t4) · h2(t5),
where θ : G3m → SL3 is given as in Example 2.13.
Theorem 4.3 (Theorem 1.2 of [11]). For any (u, v) ∈ W ×W and any double reduced word
i for (u, v) the map θi restricts to a biregular isomorphism between G
l(i)+r
m and a Zariski open
subset of Gu,v.
As a consequence of the previous theorem and Theorem 3.1 from [8], we have the following:
Theorem 4.4. Let i and i′ be double reduced words for (u, v) ∈ W ×W . Then θi and θi′ are
positively equivalent toric charts on Gu,v.
For the remainder of this article, we restrict our attention to the case of (u, v) = (e, w0), where
w0 is the longest element of W . A double reduced word for (e, w0) is nothing but a reduced
word for w0. We have the following relationship between generalized minors and the toric
charts θi. From Theorem 5.8(i) and formula (4.2), both of [9], we have
Theorem 4.5. Let γ and δ be two weights in theW -orbit of the same fundamental weight ωi of
g, and let i = (i1, . . . , im) be any word in {1, . . . , r} and define θi : Gm+rm → G as in (7). Then,
∆γ,δ(θi(t1, . . . , tm+r)) = ∆γ,δ(θi(t1, . . . , tm, 1, . . . , 1)) · (h1(tm+1) · · ·hr(tm+r))δ,
where the first term is a polynomial in t1, . . . , tm with positive integer coefficients and the second
term is a Laurent monomial in tm+1, . . . , tm+r. In particular, by Theorem 4.3, we get ∆γ,δ ∈
P (Ge,w0, [θi]).
4.3. Cluster Variables on Double Bruhat Cells. Given a reduced word i for w0 ∈ W , there
is a set F (i) ⊂ P (Ge,w0, θi) of generalized minors
∆(−r; i), . . . ,∆(−1; i),∆(1; i), . . . ,∆(l(w0); i),
which are the cluster variables associated to the initial seed of Q[Ge,w0] determined by i; details
are given in [6].
Example 4.6. Let G = SL3 as in Example 4.1 and 4.2. Consider the reduced word i = s1s2s1
for w0, where w0 = (13) is the longest element of of S3. Then the set F (i) of cluster variables
for SLe,w03 is
F (i) = {∆12,23,∆1,3,∆1,2,∆12,12,∆1,1},
where ∆I,J ∈ Q[SL3] is the minor with rows I and columns J .
Remark 4.7. For any choice of reduced word i for w0, we always have∆(−k, i) = ∆ωk,w0ωk ∈
F (i). Also, we always have the principal generalized minors∆ωk,ωk ∈ F (i), for all k. Together,
these are the frozen variables of the upper cluster algebra structure on Q[Ge,w0].
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Define the rational map
∆i : G
e,w0 → Gr+l(w0)m ,
g 7→ (∆(−r; i)(g), . . . ,∆(−1; i)(g),∆(1; i)(g), . . . ,∆(l(w0); i)(g)).
Proposition 4.8 (Lemma 2.12 of [6]). The map∆i is biregular isomorphism from Zariski open
subset of Ge,w0 to G
r+l(w0)
m .
We then have, for each reduced word i for w0, a toric chart
∆−1i : G
r+l(i)
m → Ge,w0.
Proposition 4.9. For any reduced word i for w0, the maps∆
−1
i and θi are positively equivalent
toric charts on Ge,w0.
Proof. By Theorem 4.5, the change of coordinates ∆i ◦ θi is positive and birational. We need
to show its inverse θ−1i ◦∆−1i is positive. In [11], the authors introduce an involutive biregular
twist map ξ : Ge,w0 → Ge,w0 , and Theorem 1.9 in [11] gives that θi and ξ ◦∆−1i are positively
equivalent toric charts on Ge,w0 . So,
θ−1i ◦∆−1i = (θ−1i ◦ ξ ◦∆−1i ) ◦ (∆i ◦ θi) ◦ (θ−1i ◦ ξ ◦∆−1i )
is positive. 
In summary, for any two reduced words i, i′ for w0, the following positive structures on Ge,w0
are all equal:
(8) [θi] = [θi′ ] = [∆
−1
i ] = [∆
−1
i′ ].
4.4. Weakly Estimate-Dominated Functions on Double Bruhat Cells. Let i be a reduced
word for w0. In this section we consider Ge,w0 with the positive structure determined by θi.
Recall that the Lie algebra g of G has a left action on Q[G]; in particular for the elements Ei, Fi
of the Chevalley basis of g, we have for ∆ ∈ Q[G],
Fi ·∆(g) = d
dt
∣∣∣
t=0
∆(fi(t)g), Ei ·∆(g) = d
dt
∣∣∣
t=0
∆(ei(t)g).
If X ∈ n, thenX is everywhere tangent to the double Bruhat cell Ge,w0 . Define the potentials
ϕi :=
Ei ·∆ωi,w0ωi
∆ωi,w0ωi
=
∆siωi,w0ωi
∆ωi,w0ωi
,
and let Φ := {ϕ1, . . . , ϕr}. The following proposition implies that Φ ⊂ P (Ge,w0, [θi]).
Proposition 4.10 (Proposition 4.11.(ii) in [9]). Let i = (i1, . . . , im) be a reduced word for w0.
Then
Ei1 ·∆ωi1 ,w0ωi1 (θi(t1, . . . , tm, tm+1, . . . , tm+r))
∆ωi1 ,w0ωi1 (θi(t1, . . . , tm, tm+1, . . . , tm+r))
=
1
t1
.
Note that on the toric chart∆−1i , the potentials ϕj restrict to regular functions and so, by remark
3.3, the cone CΦ(Ge,w0,∆−1i )(R) is convex. Since Q[G] is a g module, it is a Ug module. Next
we will estimate the action of Ug. In fact, we have
Lemma 4.11. For a word j = (j1, . . . , jn) in the simple roots of g, choose a reduced word
i = (i1, . . . , im) for w0 such that i1 = j1. Suppose that Ej2 · · ·Ejn∆ωi,wωi 6= 0. Then for any w
in the Weyl groupW and any fundamental weight ωi,
Ej1 · · ·Ejn∆ωi,wωi
Ej2 · · ·Ejn∆ωi,wωi
∈ P estΦ (Ge,w0, [θi]).
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Proof. For a word j = (j1, . . . , jn), let ∂j := ddq1
∣∣∣
0
· · · d
dqn
∣∣∣
0
be the differential at zero. In the
following, let j′ := (j2, . . . , jn) and θi be θi(t1, . . . , tm, tm+1, . . . , tm+r) as in (7). By Theorem
4.5, we get
Ej2 · · ·Ejn∆ωi,wωi(θi) = ∂j′∆ωi,wωi(ejn(qn) · · · ej2(q2)θi(t1, . . . , tm+r))
= ∂j′∆ωi,wωi(ejn(qn) · · · ej2(q2)ei1(t1) · · · eim(tm)h1(tm+1) · · ·hr(tm+r))
=
∑
k=0
fk(t2, . . . , tm+r)t
k
1,
where fk are products of polynomials in t2, . . . , tm with positive integer coefficients and Laurent
monomials in tm+1, . . . , tm+r. Similarly, since j1 = i1,
Ej1 · · ·Ejn∆ωi,wωi(θi) = ∂j∆ωi,wωi(ejn(qn) · · · ej1(q1)θi(t1, . . . , tm+r))
= ∂j∆ωi,wωi
(
ejn(qn) · · · ej2(q2)ei1(q1 + t1)ei2(t2) · · ·
· · · eim(tm)h1(tm+1) · · ·hr(tm+r)
)
=
d
dq1
∣∣∣
0
∑
k=0
fk(t2, . . . , tm+r)(q1 + t1)
k
=
∑
k=1
kfk(t2, . . . , tm+r)t
k−1
1 .
By Proposition 4.10, we know ϕi1(θi(t1, . . . , tm+r)) = 1/t1. Direct calculation gives:
α
t1
− Ej1 · · ·Ejn∆ωi,w0ωi(θi(t1, . . . , tm+r))
Ej2 · · ·Ejn∆ωi,w0ωi(θi(t1, . . . , tm+r))
=
αf0 +
∑
k=1(α− k)fktk1
t1
∑
k=0 fkt
k
1
.
Let α be a sufficiently large positive integer, then the right hand side is a positive function. 
Remark 4.12. In fact, the arguments in the proof of Lemma 4.11 are applicable in a much larger
context. We say that a function f on Ge,w0 is totally positive if for every word j = (j1, . . . , jn)
the expression Ej1 . . . Ejnf is either a positive rational function or zero. The functions∆ωi,w0ωi
satisfy this property, but there are many other examples: for G simply laced, all elements of the
dual canonical basis have this property, and for G semisimple all cluster variables on Ge,w0 are
totally positive.
If f is totally positive, Ej2 . . . Ejnf (and all such derivatives) are products of polynomials with
positive coefficients in variables t1, . . . , tm and of Laurent monomials in tm+1, . . . , tm+r. Hence,
the proof of Lemma 4.11 applies and the logarithmic derivative
Ej1Ej2 . . . Ejnf
Ej2 . . . Ejnf
is dominated by the potential φj1 = 1/t1.
The theory of totally positive functions and its applications to functions dominated by potentials
will be explored elsewhere.
Theorem 4.13. For any nonzero vector X ∈ gα in a positive root space of g and any w ∈ W ,
we have
X·∆ωi,wωi
∆ωi,wωi
∈ P˜ estΦ (Ge,w0, [θi]).
Proof. Without loss of generality, we represent X as a nested commutator of simple rootsX =
[Ek1[· · · [Ekn−1 , Ekn ] · · · ]]. Since P˜ estΦ (Ge,w0, [θi]) is a ring, it suffices to show that for any word
j = (j1, . . . , jn) in the simple roots of g,
Ej1 ·Ej2 · · ·Ejn∆ωi,wωi
Ej2 · · ·Ejn∆ωi,wωi
∈ P estΦ (Ge,w0, [θi]).
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Since any choice of a reduced word i′ for w0 defines toric chart θi′ on Ge,w0 which is positively
equivalent to θi, this follows immediately from Lemma 4.11. 
An analogous statement holds for the standard right action of g on C[G]. For the simple
root α′i = −w0αi, write Ei′ for the corresponding root vector. Define the potentials ψi :=
∆ωi,w0ωi ·Ei′
∆ωi,w0ωi
=
∆ωi,w0siωi
∆ωi,w0ωi
, and let Ψ := {ψ1, . . . , ψr}. Then Ψ ⊂ P (X, [θi]), and
Theorem 4.14. For any nonzero vector X ∈ gα in a positive root space of g and any w ∈ W ,
we have
∆ωi,wωi ·X
∆ωi,wωi
∈ P˜ estΨ (Ge,w0, [θi]).
The proof is symmetric to the proof of Theorem 4.13.
Definition 4.15. For any reduced word i for w0, consider the positive variety with potential
(Ge,w0, [θi],ΦBK), where
ΦBK := {ϕ1, . . . , ϕr, ψ1, . . . , ψr}
with ϕi, ψi are as above. We call ΦBK the Berenstein-Kazhdan Potential on Ge,w0 . For a
certain toric chart θz ∈ [θi] on Ge,w0 , the cone C≤ΦBK ⊂ (Ge,w0, θz)t is called the extended
string cone. Abusing terminology slightly, we call CΦBK ⊂ (Ge,w0, θ)t the strict extended
string cone for any choice of θ ∈ [θi]; any such cone is related to CΦBK ⊂ (Ge,w0, θz)t by a
piecewise linear bijection. See [5] for more details, including the connection between C≤ΦBK
and parameterizations of crystal bases. The potential ΦBK was also discovered independently
by Rietsch, see [17]. For G = SLn, for a certain choice of reduced word i for w0, the cone
C≤ΦBK ⊂ (Ge,w0, θi)t is the Gelfand-Zeitlin cone [7]. ⊳
5. POSITIVE POISSON VARIETIES
In this Section we consider Poisson structures on positive varieties. We are interested in weakly
log-canonical charts. These are toric charts in which the Poisson structure is log-canonical
modulo terms weakly dominated by potentials. Examples are given by dual Poisson algebraic
groups G∗ for G a semisimple algebraic group.
5.1. Definition of Positive Poisson Varieties. Let (X, π) be an irreducible Poisson variety
over Q, and let Θ be a positive structure onX . Suppose θ : Gnm → X is a toric chart with θ ∈ Θ
and let (z1, . . . , zn) be the standard coordinates on Gnm. Fix a set of potentials Φ ⊂ P (X, [θ])
onX . Then θ is a weakly log-canonical chart for π if, in the coordinates zi the bracket is of the
form
(9) {zi, zj} = zizj(πij + fij),
where πij ∈ k are constant and fij ∈ P˜Φ(X, [θ]) are weakly dominated by Φ. We call πij the
log-canonical part of the bracket.
If a Poisson variety (X, π) has a weakly log-canonical chart θ, we define [θ]pi to be the collection
of all θ′ ∈ [θ] that is weakly log-canonical chart for π. We call [θ]pi a π-compatible positive
structure onX .
We define a positive Poisson variety to be a quadruple (X, π,Θpi,Φ), whereΘpi is a π-compatible
positive structure on X . Note that [θ]pi ⊂ [θ] but in general [θ] 6= [θ]pi .
A positive Poisson map of positive Poisson varieties
φ : (X1, π1,Θpi1,Φ1)→ (X2, π2,Θpi2,Φ2)
is a Poisson map φ : (X1, π1) → (X2, π2), which is also a map of positive varieties with
potential. We denote by PosPoiss the category of positive Poisson varieties.
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Example 5.1. In [12], the authors define the cluster manifold X(A) associated to a cluster
algebra A. The cluster algebra structure on A givesX(A) a Poisson structure π and a family of
positively equivalent toric charts θ on X which are log-canonical for π. Cluster manifolds are
then examples of positive Poisson varieties, with potential Φ = 0; see Remark 3.3.
We record the following observation for future reference.
Proposition 5.2. Let θ : Gnm → X be a weakly log-canonical chart for (X, π,Θpi,Φ). IfM and
N are Laurent monomials in the standard coordinates zj , then the bracket {M,N} is weakly
log-canonical; i.e.
{M,N} = MN(πMN + fMN ),
where πMN ∈ k and fMN ∈ P˜Φ(X, [θ]).
Proof. AssumeM,N , and L are Laurent monomials in z1, . . . , zn and that
{M,N} = MN(πMN + fMN) and {M,L} = ML(πML + fML)
are weakly log-canonical. The proposition follows by induction, using the following two facts.
First,
{M,N−1} = −N−2{M,N} = N−2MN(−πMN − fMN) = MN−1(−πMN − fMN)
is weakly log-canonical. Second,
{M,NL} = {M,N}L+N{M,L} = MNL(πMN + fMN) +MNL(πML + fML)
is weakly log-canonical. 
5.2. Poisson Algebraic Groups. Most of the material in this section is based on [10, 15]. Let
G be a simply connected semisimple algebraic group over Q with Lie algebra g, as in Section
4.1. Let Xi be an orthonormal basis for h under the Killing form. For positive roots α ∈ R+,
choose root vectors Eα ∈ gα and E−α ∈ g−α so that under the Killing form K(·, ·) we have
K(Eα, E−α) = 1. Consider the standard quasitriangular r-matrix
rG :=
1
2
rank h∑
i=1
Xi ⊗Xi +
∑
α∈R+
Eα ⊗E−α.
Let rλG, r
ρ
G be the left- and right-invariant 2-tensor fields onG, respectively, which have r
λ
G(e) =
rρG(e) = rG. Then rG satisfies the classical Yang-Baxter equation, and so πG = r
λ
G − rρG is a
Poisson bivector field and (G, πG) is a Poisson algebraic group. The simply connected Drinfeld
double of (G, πG) is (D, πD) = (G×G, πD), where πD = rλD − rρD and
rD =
1
2
rank h∑
i=1
(Xi, Xi)⊗ (Xi,−Xi) +
∑
α∈R+
(Eα, Eα)⊗ (0,−E−α) + (E−α, E−α)⊗ (Eα, 0)
is the standard quasitriangular r-matrix. The diagonal embedding (G, πG)→ (D, πD), sending
g 7→ (g, g) is Poisson.
Recall that [·]0 : G0 → H is the projection of Gaussian decomposable elements toH . Then the
subgroup G∗ of G×G given by
G∗ = {(b+, b−) ∈ B × B−|[b+]0[b−]0 = 1} ⊂ G×G
is a Poisson algebraic subgroup of (D, πD), and (G∗,−πD|G∗) is a Poisson group dual to
(G, πG).
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Proposition 5.3. The Borel subgroups B and B− are Poisson algebraic subgroups of G, and
the projections
pr1 : G
∗ → B, pr2 : G∗ → B−
are anti-Poisson.
Proof. Follows from the expression of the r-matrices rG and rD; see also [14]. 
Definition 5.4 (Notation). Let f ∈ Q[B] and g ∈ Q[B−] be regular functions. Denote f1 :=
f ◦ pr1 ∈ Q[G∗] and g2 := g ◦ pr2 ∈ Q[G∗]. ⊳
For future reference, we note the following computation, which follows directly from the de-
scription of πG∗ above.
Proposition 5.5. Let f ∈ Q[B] and g ∈ Q[B−]. Then in the notation of Definition 5.4,
{f1, g2}G∗ = 1
2
rank h∑
i=1
(Xi · f)1(−Xi · g)2 − (f ·Xi)1(g · (−Xi))2(10)
+
∑
α∈R+
(Eα · f)1(−E−α · g)2 − (f · Eα)1(g · (−E−α))2.
5.3. The Positive Poisson Variety G∗. In this section we endow G∗ with the structure of a
positive Poisson variety. Recall the transpose (·)T : G → G anti-involution defined in Section
4.1. We introduce the Lie group involution τ : G → G, with τ(g) = (gT )−1 = (g−1)T . From
the expression for the r-matrix rG, we have the following.
Proposition 5.6. The map τ : (G, πG) → (G, πG) is anti-Poisson. Also, τ restricts to the Lie
group isomorphisms τ : B → B− and τ : B− → B, and induces the automorphism
τ : G∗ → G∗ : (b+, b−) 7→ (((b−)T )−1, ((b+)T )−1).
Recall from section 4.3, we have for each reduced word i for w0 a set of r + l(w0) cluster
variables F (i) which includes the generalized minors∆ωk,ωk . For each i we defined a birational
map ∆i : Ge,w0 → Gr+l(w0)m , which had as its components the cluster variables F (i). Let
η : G
r+l(w0)
m → Gl(w0)m be the projection parallel to the coordinates∆ωk,ωk of ∆i. Let
(11) ∆ˆi := η ◦∆i : Ge,w0 → Gl(w0)m ,
and let ∆0 : Ge,w0 → Grm be given by
(12) ∆0(g) = (∆ω1,ω1(g), . . . ,∆ωr ,ωr(g)).
Recall that Ge,w0 ⊂ B is a Zariski open subset. Consider the rational map
∆i : G
∗ → Gl(w0)m × Gl(w0)m × Grm;(13)
(b+, b−) 7→ (∆ˆi(b+), ∆ˆi(τ(b−)),∆0(b+)).
The following proposition follows from the definition of G∗ and Proposition 4.8.
Proposition 5.7. The map ∆i is a biregular isomorphism from a Zariski open subset of G
∗ to
G
r+2l(w0)
m .
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Example 5.8. Let G = SL3 as in Examples 4.1, 4.2, and 4.6 above. For b ∈ Ge,w0 , we have
∆i(b) = (∆12,23(b),∆1,3(b),∆1,2(b),∆12,12(b),∆1,1(b)),
∆ˆi(b) = (∆12,23(b),∆1,3(b),∆1,2(b)),
∆0(b) = (∆1,1(b),∆12,12(b)).
The birational map ∆i : G∗ → G8m is then given:
∆i(b
+, b−) =(∆12,23(b+),∆1,3(b+),∆1,2(b+),
∆12,23(τ(b
−)),∆1,3(τ(b−)),∆1,2(τ(b−)),∆1,1(b+),∆12,12(b+)).
Consider the toric chart ∆−1i : G
r+2l(w0)
m → G∗ on G∗. By (8), another reduced word i′ for w0
gives a toric chart ∆−1i′ which is positively equivalent to ∆
−1
i .
We define the set of potentials on G∗, following notation of Section 4.4
ΦG∗ :=
{
(Ei ·∆ωi,w0ωi)1
(∆ωi,w0ωi)1
,
(∆ωi,w0ωi · Ei′)1
(∆ωi,w0ωi)1
,
((Ei ·∆ωi,w0ωi) ◦ τ)2
(∆ωi,w0ωi ◦ τ)2
,
((∆ωi,w0ωi · Ei′) ◦ τ)2
(∆ωi,w0ωi ◦ τ)2
}
i
,
where as usual i indexes the simple roots of G. Note that ΦG∗ ⊂ P (G∗, [∆−1i ]) by Proposition
4.10. Recalling Definition 4.15, we see that ΦG∗ comes from the Berenstein-Kazhdan potential
ΦBK on Ge,w0 . Note that ΦG∗ restricts to regular functions on the toric chart ∆
−1
i , and so by
Remark 3.3 the cone CΦG∗ (G∗,∆−1i )(R) is convex.
Theorem 5.9. For any reduced word i of w0, the quadruple (G
∗, πG∗ , [∆−1i ]piG∗ ,ΦG∗) is a posi-
tive Poisson variety.
Proof. We must check that πG∗ is weakly log-canonical in the coordinates given by ∆i. Let
∆,∆′ ∈ F (i). We must consider three types of brackets. Recall the notation of Definition 5.4.
(a) Bracket of type {∆1,∆′1}G∗ . By Proposition 5.3,
{∆1,∆′1}G∗ = −{∆,∆′}B ◦ pr1 .
By Theorem 2.6 of [14], the bracket {∆ ◦ ξ,∆′ ◦ ξ}B is log-canonical on the open subset Ge,w0,
where ξ : Ge,w0 → Ge,w0 is the twist map of Proposition 4.9. By Theorem 3.1 of [12], the twist
map ξ is anti-Poisson.
(b) Bracket of type {(∆ ◦ τ)2, (∆′ ◦ τ)2}G∗ . Once we note τ : B− → B is anti-Poisson by
Propostion 5.6, the argument is the same as the previous case.
(c) Bracket of type {∆1, (∆′ ◦ τ)2}G∗ . By the definition of τ and (10), we have
{∆1, (∆′ ◦ τ)2}G∗ = 1
2
rank h∑
i=1
(Xi ·∆)1((Xi ·∆′) ◦ τ)2 − (∆ ·Xi)1((∆′ ·Xi) ◦ τ)2(14)
+
∑
α∈R+
(Eα ·∆)1((Eα ·∆′) ◦ τ))2 − (∆ ·Eα)1((∆′ · Eα) ◦ τ)2.
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Write∆ = ∆ωj ,uωj and ∆
′ = ∆ωk,vωk . By (6), the first sum
1
2
rank h∑
i=1
(Xi ·∆)1((Xi ·∆′) ◦ τ)2 − (∆ ·Xi)1((∆′ ·Xi) ◦ τ)2
=
1
2
(
rank h∑
i=1
ωj(Xi)ωk(Xi)− uωj(Xi)vωk(Xi)
)
∆1(∆
′ ◦ τ)2
=
1
2
(K(ωj , ωk)−K(uωj, vωk))∆1(∆′ ◦ τ)2
is log-canonical. For future reference, we note that here that the coefficient of ∆1(∆′ ◦ τ)2 is
rational. We then write
{∆1, (∆′ ◦ τ)2}G∗ = ∆1(∆′ ◦ τ)2
(
c+ f),(15)
where
f =
∑
α∈R+
(Eα ·∆)1
∆1
((Eα ·∆′) ◦ τ)2
(∆′ ◦ τ)2 −
(∆ ·Eα)1
∆1
((∆′ · Eα) ◦ τ)2
(∆′ ◦ τ)2 .
By Theorem 4.13 and Theorem 4.14, f is weakly estimate dominated by ΦG∗ , and thus weakly
dominated by ΦG∗ . 
Remark 5.10. Theorem 5.9 describes a number of toric charts (labeled by reduced words of
w0) making the dual Poisson algebraic group G∗ into a positive Poisson variety. In fact, there
are many more charts with this property. In particular, every cluster chart on Ge,w0 gives rise to
a positive Poisson variety structure on G∗. Note that the number of charts labeled by reduced
words is always finite whereas the number of cluster charts is usually infinite.
It turns out that the proof of Theorem 5.9 applies in the case of arbitrary cluster charts: Poisson
brackets of the type {f1, f ′1}G∗ reduce to Poisson brackets on B, and they are log-canonical in
all cluster charts (by the standard properties of Poisson cluster varieties). And Poisson brackets
of the type {f1, (f ′ ◦ τ)2}G∗ are weakly dominated by the potentials by Remark 4.12.
This viewpoint will be explored elsewhere.
Example 5.11. Let G = SL3 as in Examples 4.1, 4.2, and 4.6. The set of potentials on SL∗3 is
ΦG∗ =
{
(∆13,23)1
(∆12,23)1
,
(∆2,3)1
(∆1,3)1
,
(∆12,13)1
(∆12,23)1
,
(∆1,2)1
(∆1,3)1
,
(∆13,23 ◦ τ)2
(∆12,23 ◦ τ)2 ,
(∆2,3 ◦ τ)2
(∆1,3 ◦ τ)2 ,
(∆12,13 ◦ τ)2
(∆12,23 ◦ τ)2 ,
(∆1,2 ◦ τ)2
(∆1,3 ◦ τ)2
}
.
From Theorem 5.9, we know that, with this choice of potentials ΦG∗ , the chart ∆
−1
i is weakly
log-canonical for πSL∗3 . As an example, we compute the bracket {(∆1,3)1, (∆1,2 ◦ τ)2} in SL∗3;
see (14) above:
{(∆1,3)1, (∆1,2 ◦ τ)2}
=
1
2
(K(ω1, ω1)−K(w0ω1, s1ω1)) (∆1,3)1(∆1,2 ◦ τ)2
+
∑
ij∈{12,23,13}
(Eij ·∆1,3)1((Eij ·∆1,2) ◦ τ))2 − (∆1,3 ·Eij)1((∆1,2 · Eij) ◦ τ)2.
= c(∆1,3)1(∆1,2 ◦ τ)2 + (∆2,3)1(∆2,2 ◦ τ)2 + (∆3,3)1(∆3,2 ◦ τ)2.
= (∆1,3)1(∆1,2 ◦ τ)2
(
c+
(∆2,3)1(∆2,2 ◦ τ)2
(∆1,3)1(∆1,2 ◦ τ)2 +
(∆3,3)1(∆3,2 ◦ τ)2
(∆1,3)1(∆1,2 ◦ τ)2
)
.(16)
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One can check that the two terms (∆2,3)1(∆2,2◦τ)2
(∆1,3)1(∆1,2◦τ)2 +
(∆3,3)1(∆3,2◦τ)2
(∆1,3)1(∆1,2◦τ)2 of (16) are indeed weakly
estimate-dominated by ΦG∗ .
6. TROPICALIZATION OF POISSON STRUCTURES
In this Section, we pass to complex points of our varieties, which have thus far been defined over
Q. Specifically, a complex positive variety X(C) is the complex points of the positive variety
(X, [θ]). A toric chart θ : Gnm → X induces an open embedding (C×)n → X(C), which we
also call a toric chart, and the definitions of the previous sections extend similarly under base
change.
In the remainder of this paper, we consider only complex positive varieties and their real forms.
For simplicity we write X = X(C). In particular, taking complex points of the Poisson alge-
braic groups of Section 5.2 gives complex Poisson-Lie groups G = G(C) and G∗ = G∗(C).
We define (under some extra assumptions) a tropicalization C×T of a complex positive Poisson
variety X . Here C is a cone, T is a real torus, the tropicalization carries a constant Poisson
structure. In particular, a dual Poisson-Lie group G∗ = G∗(C) we obtain that C is the strict
extended string cone.
6.1. Real Forms of Poisson Structures. In this section we introduce real forms of holomor-
phic Poisson structures. Much of this material is well known; see for instance [20].
Let (X, π) be a complex manifold with holomorphic Poisson structure π ∈ Λ2(T 1,0X). Let
π = πR + iπI be the decomposition of π into real and imaginary parts; it is well-known that
πR, πI ∈ Γ(Λ2(TX)) are (real) Poisson bivectors. Let τ : X → X be an anti-holomorphic
involution of X , which satisfies τ (πR) = πR. In this case, we say τ is Poisson.
Remark 6.1. Equivalently, τ is Poisson if τ (πI) = −πI . Extending τ conjugate-linearly to
TX ⊗ C, this is equivalent to the condition τ (π) = π.
Let K ⊂ Fix(τ) be a (real) open submanifold of the fixed points of τ . For any p ∈ K,
decompose TpX as TpX = (TpX)τ + (TpX)−τ , where
(TpX)
τ = {v ∈ TpX : τ (v) = v}, (TpX)−τ = {v ∈ TpX : τ (v) = −v}.
As shown in [20], πR can be decomposed as πR(p) = πτR(p) + π
−τ
R (p), where
πτR(p) ∈ Λ2(TpX)τ , π−τI (p) ∈ Λ2(TpX)−τ .
Lemma 6.2 ([20]). Using the notation above, πτR is a Poisson bivector on K.
The pair (K, πτR) is called a real form ofX .
Example 6.3. Consider any holomorphic Poisson structure
π =
∑
i,j
πij(z)∂zi ∧ ∂zj
on Cn, where πij(z) are holomorphic functions. Let τ be the anti-holomorphic involution of Cn
given by τ (z) = z. Then the set of fixed points of τ is K = Rn ⊂ Cn. Thus τ(πR) = πR if and
only if πij(z) = πij(z). Write
∂zi =
1
2
(∂xi −
√−1∂yi),
and direct calculation shows
(17) πτR =
1
4
∑
i,j
πij(x)∂xi ∧ ∂xj .
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Lemma 6.4. Let X be a complex manifold with holomorphic Poisson structure π. Let τ be an
anti-holomorphic Poisson involution of (X, π). Let (K, πτR) be the corresponding real form.
Then we have
{f1|K , f2|K}piτ
R
=
1
4
{f1, f2}pi|K ,
where the fi are holomorphic functions on an open subset U ⊂ X satisfying fi(τ (z)) = fi(z).
Proof. We only need to show the lemma in a neighborhood of each fixed point of τ . Choose
holomorphic local coordinates z1, . . . , zn such that τ is given by τ(z) = z. Then in these
coordinates, the fi satisfy fi(z) = fi(z). Set zj = xj +
√−1yj and let x = (x1, . . . , xn)
and and y = (y1, . . . , yn). Write fi(z) = ui(x, y) +
√−1vi(x, y), where ui, vi ∈ C∞(X) are
smooth real-valued functions on X . Since fi(z) = fi(z), we know ui(x, y) = ui(x,−y) and
vi(x, y) = −vi(x,−y). Thus ∂yjui|y=0 = 0. Then by the Cauchy–Riemann equations, we have(
∂zjfi(z)
)∣∣∣
K
=
1
2
(
∂xjui + ∂yjvi −
√−1∂yjui +
√−1∂xjvi
)∣∣∣
y=0
=
1
2
(
∂xjui + ∂yjvi
)∣∣∣∣
y=0
= ∂xjfi(x)
By Equation (17), we get the conclusion. 
Proposition 6.5. Let X = (C×)n with holomorphic Poisson bivector π, let τ : X → X be an
algebraic involution of X , and let τ : X → X be the anti-holomorphic involution given by
τ(z) := τ(z¯) = τ(z). Assume τ is Poisson, and consider the real form (K, πτR). Let f1, f2 be
holomorphic functions on an open subset U ⊂ X . Then
{f1|K , f2|K}piτ
R
=
1
4
{f1, f2}pi|K .
Proof. Let gi := fi+ fi ◦ τ and hi := fi− fi ◦ τ . Then gi and
√−1hi satisfy the condition from
Lemma 6.4:
gi(τ(z)) = gi(z),
√−1hi(τ (z)) =
√−1hi(z).
We then compute:
{f1|K , f2|K}piτ
R
=
1
4
{g1|K + h1|K , g2|K + h2|K}piτ
R
=
1
4
(
{g1|K , g2|K}piτ
R
−√−1{g1|K ,
√−1h2|K}piτ
R
−√−1{√−1h1|K , g2|K}piτ
R
− {√−1h1|K ,
√−1h2|K}piτ
R
)
=
1
16
(
{g1, g2}pi|K −
√−1{g1,
√−1h2}pi|K
−√−1{√−1h1, g2}pi|K − {
√−1h1,
√−1h2}pi|K
)
=
1
16
{g1 + h1, g2 + h2}pi|K = 1
4
{f1, f2}pi|K .

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6.2. Real Forms of Positive Poisson Varieties. In this section we define real forms of positive
Poisson varieties, and give as an example the real form K∗ of the positive Poisson variety G∗.
Let (X, [θ]) be a complex positive variety, with θ : (C×)n → X . Then complex conjugation (·) :
(C×)n → (C×)n defines an anti-holomorphic involution on the open subvariety θ((C×)n) ⊂ X .
Since the transition maps between charts in [θ] are positive, their components have rational
coefficients and they commute with complex conjugation of (C×)n. So (·) extends to the open
subvariety
⋃
θ′∈[θ] θ
′((C×)n). In particular, if the charts in [θ] cover X , the involution (·) is
defined on all of X .
Definition 6.6. Let (X, π, [θ]pi,Φ) be a complex positive Poisson variety, with θ : (C×)n → X
a π-compatible chart. Let τ : X → X be an involution, which is also a map of positive
varieties with potential. Then τ : X → X is an anti-holomorphic involution of X , where
τ(x) := τ(x¯) = τ(x). Assume τ is Poisson.
We impose the additional conditions:
(a) In the standard coordinates z1, . . . , zn on (C×)n, the positive transformation τ is mono-
mial.
(b) The log-canonical part πij of the bracket of coordinate functions {zi, zj} is pure imagi-
nary.
In this case we call the tuple (X, π, θ,Φ, τ) a framed positive Poisson variety with real form.
Maps from (X1, π1,Θpi1,Φ1, τ1) to (X2, π2,Θpi2,Φ2, τ2) are maps of complex positive Poisson
varieties which intertwine τ1 and τ2. The corresponding category is denoted PosPoiss
•
R. ⊳
Theorem 6.7. Let (G∗, πG∗) be the dual Poisson-Lie group given by complex points of the
Poisson algebraic groupG∗ introduced in Section 5.2, and let τ the involution as in Proposition
5.6:
τ : G∗ → G∗ : (b+, b−) 7→ (((b−)T )−1, ((b+)T )−1).
Then for a reduced word i for w0, the tuple (G
∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ) is a framed positive
Poisson variety with real form.
Proof. From the expression of the r-matrix rD, we see that τ is a holomorphic anti-Poisson invo-
lution of (G∗, πG∗). It follows that τ is an anti-holomorphic Poisson involution of (G∗,
√−1πG∗).
In the toric coordinates given by ∆−1i , the involution τ simply permutes the coordinates and thus
τ satisfies condition (a) of Definition 6.6. Also, τ ∗ΦG∗ = ΦG∗ , so τ is a map of positive
varieties with potential. By the proof of Theorem 5.9, the weakly log-canonical part of the
bracket
√−1πG∗ is a rational multiple of
√−1, and therefore satisfies condition (b) of Defini-
tion 6.6. 
We next want to specify a canonical choice for the real form of (X, π, θ,Φ, τ); note the real
formK was not uniquely determined in Section 6.1. We first introduce some notation.
Definition 6.8 (Notation). Let (X, π, θ : (C×)n → X,Φ, τ) be a framed positive Poisson variety
with real form. We set (X, θ)t(R) := (X, θ)t⊗ZR to be the extension by scalars. For simplicity,
sometimes we useX t(R) for (X, θ)t(R). Let
LX,θ,τ := {ξ ∈ X t(R)|τ t(ξ) = ξ}
be the fixed points of the tropical involution τ t, and let
TX,θ,τ := {g ∈ (S1)n ⊂ (C×)n|τ(g¯) = g}0
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be the identity component of the fixed points of the anti-holomorphic involution τ |(S1)n . Some-
times we write LX = LX,θ,τ and TX = TX,θ,τ for brevity. Finally, let s > 0 be a real parameter.
Define the map
EX,θ,s : (X, θ)
t(R)× (S1)n → (C×)n;
(ξ1, . . . , ξn, e
√−1ν1, . . . , e
√−1νn) 7→ (esξ1+
√−1ν1 , . . . , esξn+
√−1νn).
Recall our assumption that τ is a monomial transformation in the toric coordinates given by θ.
Thus τ preserves the compact torus (S1)n ⊂ (C×)n, and LX,θ,τ ⊂ X t(R) is a linear subspace.
⊳
Pulling back τ by θ ◦ EX,θ,s, we find:
Proposition 6.9. Let (X, π, θ,Φ, τ) be a framed positive Poisson variety with real form. Then
for all s, s′ > 0, we have
(θ ◦ EX,θ,s)(LX × TX) = (θ ◦ EX,θ,s′)(LX × TX) ⊂ Fix(τ ) ∩ θ((C×)n) ⊂ X.
Definition 6.10. Let (X, π, θ,Φ, τ) be a framed positive Poisson variety with real form. Then
the real form of (X, π, θ,Φ, τ) is (ℜ(X, π, θ,Φ, τ), πℜ(X,θ,Φ,τ)), where
ℜ(X, π, θ,Φ, τ) = (θ ◦ EX,θ,s′)(LX × TX) ⊂ Fix(τ ) ∩ θ((C×)n), πℜ(X,θ,Φ,τ) = 4πτR.
We usually write (ℜ(X), πℜ(X)) for simplicity. Note that the definition does not depend on
the choice of s > 0, and that, (up to a scalar multiple of the bracket), the Poisson manifold
(ℜ(X), πℜ(X)) is a real form in the sense of the previous section. In summary, we have the
following diagram
(X, θ)t(R)× (S1)n (C×)n X
LX,θ,τ × TX,θ,τ ℜ(X).
EX,θ,s
∼
θ
θ◦EX,θ,s
∼
⊳
Remark 6.11. By Proposition 6.5, we have {zi|ℜ(X), zj|ℜ(X)}piτ
R
= 1
4
{zi, zj}pi|ℜ(X). The factor
of 4 in the definition of πℜ(X) is simply to make formulas simpler.
Proposition 6.12. Let f : (X1, π1, θ1,Φ1, τ1)→ (X2, π2, θ2,Φ2, τ2) be a map of framed positive
Poisson varieties with real forms. Then θ−12 ◦ f ◦ θ1 restricts to a Poisson map
(θ−11 (ℜ(X1)), θ∗1πℜ(X1))→ (θ−12 (ℜ(X2)), θ∗2πℜ(X2))
whenever it is defined.
Proof. Since f is a map of framed positive Poisson varieties with real forms, we have f ◦ τ1 =
τ2 ◦ f . Because f is a positive rational map, it takes θ1(TX1) to θ2(TX2), and so it takes the
component ℜ(X1) of Fix(τ 1) to the component ℜ(X2) of Fix(τ 2). That the map is Poisson
follows from Proposition 6.5. 
Remark 6.13. Let K∗ ⊂ G∗ be the identity component of the fixed points of τ . From Proposi-
tion 6.7 we know (G∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ) is a positive Poisson variety with real form. The
real form given by Definition 6.10 is an open dense submanifold ofK∗, and its Poisson structure
extends to the Poisson structure πK∗ = 4(
√−1πG∗)τR on K∗. We then think of the real form of
(G∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ) as a coordinate neighborhood on K∗.
The Poisson-Lie group (G, πG) has a compact real form (K, πK); see [2]. It is shown, see for
example [10, 20], that (K∗, πK∗) is a dual Poisson-Lie group of (K, πK). From the Iwasawa
decompositionG = KAN of G, we may identifyK∗ = AN .
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Example 6.14. Let G = SL3(C) as in Examples 4.1, 4.2, 4.6, and 5.11 above. It is easy to see
that τ is a positive involution of (SL∗3, [∆
−1
i ]), and τ
t preserves CΦG∗ . In the toric coordinates
z1, . . . , z8 given by ∆
−1
i , the anti-holomorphic involution τ : (C
×)8 → (C×)8 becomes,
τ(z1, . . . , z8) = (z¯4, z¯5, z¯6, z¯1, z¯2, z¯3, z¯7, z¯8).
Fixed points are those of the form
(z1, z2, z3, z¯1, z¯2, z¯3, x7, x8), where x7, x8 ∈ R \ {0}.
Projecting parallel to the fourth, fifth, and sixth coordinates and restricting to the positive part
of the last two coordinates gives coordinates on the usual presentation of K∗ as the group of
complex upper-triangular matrices, with positive real entries along the diagonal, as in [1, 3].
6.3. Partial Tropicalization. In this section we construct for each framed positive Poisson
variety with real form (X, π, θ,Φ, τ) a real manifold PT (X, π, θ,Φ, τ) with constant Poisson
bracket πPT called its partial tropicalization. We extend partial tropicalization to a functor
PT : PosPoiss•R → PTrop
to the category of partial tropicalizations, defined below. We show in Theorem 6.18 below that
partial tropicalization can be thought of as the limit of a 1-parameter family of coordinates on
the real form ℜ(X).
Definition 6.15 (Notation). Let (X, θX : (C×)n → X,ΦX) be a framed complex positive
variety with potential. Let
CΦ(X, θX)(R) = {ξ ∈ (X, θX)t(R)|Φt(ξ) < 0};
see also Remark 3.3. For simplicity, sometimes we use CΦ(R) for CΦ(X, θX)(R). ⊳
Definition 6.16. Let (X, π, θ,Φ, τ) be a framed positive Poisson variety with real form. Define
PT (X, π, θ,Φ, τ) := (CΦ(R) ∩ LX,θ,τ )× TX,θ,τ ,
where LX,θ,τ and TX,θ,τ are given in Definition 6.8.
Let z1, . . . , zn be the standard coordinate functions on the toric chart θ : (C×)n → X . Consider
induced involution τ ∗ of the field of rational functions C(z1, . . . , zn). Recall from Proposition
5.2 that {zi, τ ∗(zj)} is weakly log-canonical. Denote by πiτ(j) the log-canonical part of the
bracket, and note that by assumption (b) of Definition 6.6 and the proof of Proposition 5.2, we
have πi,τ(j) ∈
√−1R is pure imaginary. Also, recall that the coordinates z1, . . . , zn on (C×)n
induce coordinates ξ1, . . . , ξn on X t(R). Writing (e
√−1ν1, . . . , e
√−1νn) ∈ (S1)n gives us local
coordinates ν1, . . . , νn on (S1)n ⊂ (C×)n. We define a constant real bracket on X t(R)× (S1)n
as follows:
{ξi, νj} := −
√−1
2
(πij − πiτ(j)),
{νi, ξj} := −
√−1
2
(πij + πiτ(j)),
{ξi, ξj} := 0,
{νi, νj} := 0.
We set πPT to be the restriction of this bracket to PT (X, π, θ,Φ, τ) ⊂ X t(R)× (S1)n. The pair
(PT (X, π, θ,Φ, τ), πPT ) is the partial tropicalization of (X, π, θ,Φ, τ). ⊳
We will see πPT is skew-symmetric and well defined after giving a scaling interpretation for
partial tropicalization in Theorem 6.18.
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Lemma 6.17. Let f ∈ P˜Φ(X, [θ]) be a function which is weakly dominated by Φ, and assume
f restricts to a regular function on the toric chart θ : (C×)n → X . Then, for every δ > 0 and
every point in CΦ(R)× (S1)n the function f ◦ θ ◦ EX,θ,sis bounded
|f ◦ θ ◦ EX,θ,s| ≤ e−sδ
for s sufficiently large.
Proof. It suffices to show the estimate for f ∈ PΦ(X, [θ]). By restricting to our toric chart
we may assume (X, θ) = ((C×)n, Id). Then by assumption f ∈ C[z±11 , . . . , z±1n ] is regular
on (C×)n, and so by the triangle inequality we may assume νi = 0 for all i. We write (f ◦
Es)(ξ1, . . . , ξn) for (f◦E(C×)n,Id,s)(ξ1, . . . , ξn, 1, . . . , 1). Now, by a standard bounding argument
as in [16], we get
lim
s→∞
1
s
log(f ◦ Es)(ξ1, . . . , ξn) = f t(ξ1, . . . , ξn).
For (ξ1, . . . , ξn) ∈ CΦ, we have f t(ξ1, . . . , ξn) < 0 since f is dominated. Then for sufficiently
large s,
1
s
log(f ◦ Es)(ξ1, . . . , ξn) ≤ −δ < 0.
Therefore, since exponential is monotonic,
0 < es
1
s
log(f◦Es)(ξ1,...,ξn) ≤ e−sδ.
Thus, (f ◦ Es)(ξ1, . . . , ξn) = es 1s log(f◦Es)(ξ1,...,ξn) → 0 exponentially quickly as s→∞. 
We introduce the scaled Poisson bivector πs := sπℜ(X) on the real formℜ(X) = (θ◦EX,θ,s)(LX,θ,τ×
TX,θ,τ).
Theorem 6.18 (Partial Tropicalization as a Limit). Under the change of coordinates θ◦EX,θ,s, in
the limit s→∞, the bivector πs converges to the constant bivector πPT on PT (X, π, θ,Φ, τ) ⊂
LX,θ,τ × TX,θ,τ .
Proof. By restricting to our toric chart, we may assume (X, θ) = ((C×)n, Id). Note that since θ
is an open embedding, regular functions onX restrict to Laurent polynomials in the coordinates
zi on (C×)n. We compute:
{zi, zj}s = {esξi+
√−1νi, esξj+
√−1νj}s
= sesξi+
√−1νiesξj+
√−1νj(πij + fij),(18)
where we write fij = fij(esξ1+
√−1ν1 , . . . , esξn+
√−1νn). On the other hand, {·, ·}s is a bideriva-
tion, so
{esξi+
√−1νi , esξj+
√−1νj}s = esξi+
√−1νiesξj+
√−1νj
(
s2{ξi, ξj}s(19)
+
√−1s({ξi, νj}s + {νi, ξj}s)− {νi, νj}
)
.
Combining (18) and (19) gives
(20) s2{ξi, ξj}s +
√−1s({ξi, νj}s + {νi, ξj}s)− {νi, νj}s = s(πij + fij).
The condition that πs is a real bivector on ℜ(X) implies that for complex-valued functions
f, g ∈ C∞(ℜ(X),C), the bracket respects complex conjugation {f, g}s = {f, g}s. So, simi-
larly to (20) we find from considering the bracket {esξi−
√−1νi , esξj−
√−1νj}s, that
(21) s2{ξi, ξj}s −
√−1s({ξi, νj}s + {νi, ξj}s)− {νi, νj}s = s(πij + f ij).
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Recall we have assumed the log-canonical part πij of the bracket {zi, zj} is pure imaginary.
Putting together (20) and (21), we get
s2{ξi, ξj}s − {νi, νj}s = s(w.d.t.),(22)
{ξi, νj}s + {νi, ξj}s = −
√−1πij + w.d.t.,(23)
where w.d.t. stands for weakly dominated terms.
Restricting to the fixed locus of τ , we have the relation zi = τ ∗(zj). Therefore, on ℜ(X) ⊂
Fix(τ) we have
(24) {zi, zj}ℜ(X) = {zi, τ ∗(zj)}ℜ(X) = ziτ ∗(zj)(πiτ(j) + fiτ(j)) = zizj(πiτ(j) + fiτ(j)).
Repeating calculations similar to those before (22) and (23) gives
s2{ξi, ξj}s + {νi, νj}s = s(w.d.t.),(25)
−{ξi, νj}s + {νi, ξj}s = −
√−1πiτ(j) + w.d.t.(26)
Combining (22), (23), (25), and (26), and applying Lemma 6.17 gives the result. 
Corollary 6.19. The constant bracket πPT is well defined on PT (X, π, θ,Φ, τ). It is skew-
symmetric, and hence Poisson.
Proof. Follows from Theorem 6.18 and the fact that Λ2(Tpℜ(X)) is a (closed) linear subspace
of Tpℜ(X)⊗ Tpℜ(X), for any p ∈ ℜ(X). 
Definition 6.20. We define the category PTrop as follows. Objects are pairs (M,π), where
M = C×T ⊂ Rn×(S1)n is the product of an open real cone and a subtorus of the compact torus,
and π is a constant Poisson bivector on M which restricts to 0 on C and T. We consider Rn =
Zn⊗ZR to be the extension of the integer lattice, and have the exponential map exp(2π
√−1·) :
Rn → (S1)n. Arrows inPTrop from C ×T to C′×T′ ⊂ Rm× (S1)m are continuous piecewise
linear maps f : Rn → Rm which are homogeneous in the sense of (5), have f(Zn) ⊂ Zm, and
are subject to the following conditions.
(1) f(C) ⊂ C′ .
(2) On each open linearity chamber C ⊂ Rn of f , note that there is a unique Lie group
homomorphism exp(f |C) : (S1)n → (S1)m induced by exp(2π
√−1·). When C ∩ C 6=
∅, we require that the induced maps exp(f |C) : (S1)n → (S1)m restrict to maps of the
subgroups T→ T′.
(3) On each open linearity chamber C, the restriction of the map f × exp(f |C) : (C ∩C)×
T→ C′ × T′ is Poisson.
Note that an arrow in PTrop induces a Poisson map (C × T, π)→ (C′ × T′, π′), defined on an
open subset of the domain. ⊳
Definition 6.21. Let f : (X, πX , θX ,ΦX , τX) → (Y, πY , θY ,ΦY , τY ) be a map of framed pos-
itive Poisson varieties with real form. Define the partial tropicalization PT (f) of f to be the
continuous piecewise linear map f t : X t(R)→ Y t(R). ⊳
After proving the following Lemma, we will show in Theorem 6.23 that the assignment PT is
functorial.
Lemma 6.22. Let (X, θ : (C×)n → X) be a framed complex positive variety. Let f : (C×)n →
C× be a positive rational function, and let C ⊂ (X, θ)t(R) be an open linearity chamber of f t.
Then for fs = E
−1
C×,Id,s
◦ f ◦ EX,θ,s, we have
(27) lim
s→∞
fs|C = f t|C × exp(f t|C) : C × (S1)n → R× S1.
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In particular, for a point (ξ, e
√−1ν) ∈ C × (S1)n, for large enough s the value of fs(ξ, e
√−1ν)
is always defined.
Proof. For ξ := (ξ1, . . . , ξn) ∈ C and e
√−1ν := (e
√−1ν1, . . . , e
√−1νn) ∈ (S1)n we have
fs(ξ, e
√−1ν) =
(
1
s
log |f(esξ+
√−1ν)|, f(e
sξ+
√−1ν)
|f(esξ+√−1ν)|
)
.
Write f = A/B, where A and B are positive polynomials in z1, . . . , zn. Then
A(esξ+
√−1ν) =
∑
j
esMj(ξ)+
√−1Mj(ν), B(esξ+
√−1ν) =
∑
k
esNk(ξ)+
√−1Nk(ν),
where Mj and Nk are linear polynomials with positive integer coefficients. Without loss of
generality, assumeM1(ξ) > Mj(ξ) for j > 1 andN1(ξ) > Nk(ξ) for k > 1. Note this uses that
ξ is in an open linearity chamber of f t. Also, note that f t|C is given by the linear polynomial
M1 −N1.
We then have
lim
s→∞
A(esξ+
√−1ν)
esM1(ξ)+
√−1M1(ν) = 1, lims→∞
B(esξ+
√−1ν)
esN1(ξ)+
√−1N1(ν) = 1,
and so, dividing we get
(28) lim
s→∞
f(esξ+
√−1ν)
es(M1−N1)(ξ)+
√−1(M1−N1)(ν) = 1.
Thus,
lim
s→∞
f(esξ+
√−1ν)
|f(esξ+√−1ν)| = lims→∞
f(esξ+
√−1ν)
es(M1−N1)(ξ)
= e
√−1(M1−N1)(ν) = exp(f t|C)(e
√−1ν),
which gives the second component of (27).
Now, from (28) we find
lim
s→∞
log |f(esξ+
√−1ν)| − s(M1 −N1)(ξ) = 0.
Therefore,
lim
s→∞
1
s
log |f(esξ+
√−1ν)| = (M1 −N1)(ξ)
= f t(ξ),
which gives the first component of (27). 
Theorem 6.23. Partial tropicalization is a functor
PT : PosPoiss•R → PTrop.
Proof. Recall that after tropicalizing, maps f : (X, θX ,ΦX) → (Y, θY ,ΦY ) of framed positive
varieties with potential preserve the integer lattice and send cones into cones:
f t(CΦX ) ⊂ CΦY
We then have condition 1 of Definition 6.20, and functoriality will then follow from functoriality
of tropicalization, Proposition 2.22. It remains to check, for a map f : (X, πX , θX ,ΦX , τX) →
(Y, πY , θY ,ΦY , τY ), that PT (f) satisfies conditions 2 and 3 of Definition 6.20.
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Extending our notation from above, let fs := (θY ◦ EY,θY ,s)−1 ◦ f ◦ (θX ◦ EX,θX ,s) and let
fℜs := fs|LX×TX be the restriction to the real form. Then considering the component functions
of f and applying Lemma 6.22, we have for open linearity chambers C of f t,
(29) lim
s→∞
fs|C = f t|C × exp(f t|C) : C × (S1)n → Y t(R)× (S1)m,
where n and m are the dimensions of X and Y , respectively. On each open linearity chamber
C of f t, by Proposition 6.12 we have in our new coordinates the restricted map
(30) fℜs |C : (C ∩ LX)× TX → LY × TY ,
has its image in the real form of Y . By Lemma 6.22, the map fℜs is defined at each point of C
for large enough s. The description of the limit (29) gives condition 2. By Proposition 6.12, the
map θ−1Y ◦ f |ℜ(X) ◦ θX is a Poisson map of real forms when it is defined. Restricting the limit
lims→∞ f
ℜ(X)
s |C of (30) to CΦX (R)× TX and applying Theorem 6.18, we find the map(
lim
s→∞
fℜ(X)s |C
)∣∣∣
CΦX (R)×TX
: (C ∩ (CΦX (R) ∩ LX))× TX → (CΦY (R) ∩ LY )× TY .
preserves the partially tropicalized Poisson structures. The description of the limit (29) gives
condition 3. 
6.4. Partial Tropicalization ofK∗. Fix a simply-connected semisimple complex Lie groupG,
and let i be a reduced word forw0. As shown in Theorem 6.7, the tuple (G∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ)
is a framed positive Poisson variety with real form, which by Remark 6.13 is an open dense sub-
set of the Poisson-Lie group (K∗, πK∗). We summarize our results in the following theorem.
Theorem 6.24. The partial tropicalizationPT (G∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ) is of the form CΦBK (R)×
T, where CΦBK is the strict extended string cone of Definition 4.15, and T is a real torus of di-
mension d = dim(N). This space is equipped with a constant Poisson bracket and an integrable
system.
Proof. LetL = LG∗,∆−1
i
,τ . By Theorem 6.23, it suffices to describe the coneL∩CΦG∗ (G∗,∆−1i )(R)
for a single reduced word i of w0. Write ξ1, . . . , ξl(w0) for the coordinates on (G
∗,∆i)t(R) com-
ing from (∆ˆi)1; see (11)-(13) above. Similarly, write ξτ1 , . . . , ξ
τ
l(w0)
for the coordinates coming
from (∆ˆi ◦ τ)2, and ξ01 , . . . , ξ0r for the coordinates coming from ∆0. In these coordinates, we
have the following expression for τ t : (G∗,∆−1i )
t → (G∗,∆−1i )t:
τ t(ξ1, . . . , ξl(w0), ξ
τ
1 , . . . , ξ
τ
l(w0)
, ξ01, . . . , ξ
0
r ) = (ξ
τ
1 , . . . , ξ
τ
l(w0)
, ξ1, . . . , ξl(w0), ξ
0
1, . . . , ξ
0
r ).
Projecting parallel to the coordinates ξτ1 , . . . , ξ
τ
l(w0)
gives an isomorphism
L ∼= (Ge,w0,∆−1i )t
which takes CΦG∗ to CΦBK .
A similar analysis in coordinates of T = TG∗,∆−1
i
,τ ⊂ (S1)r+2l(w0) gives that the dimension of T
is l(w0) = dim(N). 
Remark 6.25. Integrable systems of Theorem 6.24 can be described in more detail. In partic-
ular, the constant Poisson bracket πPT is of maximal rank 2d, symplectic leaves of πPT are in
one-to-one correspondence with generic symplectic leaves in K∗, and symplectic volumes of
the leaves of πPT coincide with symplectic volumes of the corresponding leaves in K∗. This
picture will be explored in detail in our forthcoming work.
In particular, we have the following.
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Theorem 6.26. ForG = SLn(C), the partial tropicalization (PT (G
∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ), πPT )
is isomorphic to the Gelfand-Zeitlin integrable system.
Proof. In [2], this was shown for a specific choice of i. Fix another reduced word i′ for w0. Let
∆i′ ◦ ∆−1i : (C×)n → (C×)n
be the positive equivalence from the toric chart ∆−1i to ∆
−1
i′ , and let {Cj}j be the set of open
linearity chambers of
(∆i′ ◦ ∆−1i )t : (G∗,∆−1i )t(R)→ (G∗,∆−1i′ )t(R).
Let
D =
(
G∗,∆−1i )
t(R)
) \ ∪j Cj
be the complement of the open linearity chambers Cj , and let C =
(CΦG∗ (G∗,∆−1i )(R)) ∩ L,
where as before we write L = LG∗,∆−1
i
,τ . By Theorem 6.23, the partial tropicalization PT (∆i ◦
∆−1i′ ) determines a Poisson map
(PT (G∗,
√−1πG∗ ,∆−1i ,ΦG∗ , τ), πPT )→ (PT (G∗,
√−1πG∗ ,∆−1i′ ,ΦG∗ , τ), πPT )
away from D ∩ C × TG∗,∆−1
i
,τ , so we just need to show that C 6⊂ D. We will show D ∩ C is of
positive codimension in C.
First, we note that D is a union of finitely many subspaces Dk of (G∗,∆−1i )
t(R). So it suffices
to show each Dk ∩ C has positive codimension in C.
Second, the cone CΦG∗ (G∗,∆−1i )(R) is open in (G∗,∆−1i )t(R), so C is open in L. So if some
Dk ∩ C has codimension 0 in C, then L ⊂ Dk.
We then show thatL is not contained in anyDk. For the reduced word i, consider the coordinates
ξ1, . . . , ξl(w0) and ξ
τ
1 , . . . , ξ
τ
l(w0)
introduced in the proof of Theorem 6.24. From the definition of
∆i, we see that Dk is given by some linear equalities of the form
l(w0)∑
p=1
apξp = 0,
l(w0)∑
p=1
bpξ
τ
p = 0, ap, bp ∈ Q.
On the other hand, L is given by the equations
ξp = ξ
τ
p , p = 1, . . . , l(w0).
From this description it is evident that Dk does not contain L. 
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